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Combinatorics vs Geometry?




Combinatorics and Geometry?




1. Rational Catalan Combinatorics

2. Definition of Positroids and (Affine Patches) of Positroid
Varieties,

3. Definition of Affine Deograms

4. Combinatorial Bijections vs/and Geometric Isomorphisms of
Affine Deograms



Rational Catalan Numbers

Forany 0 < kR < n with ged(k, n) = 1, we define the rational Catalan
number Cy, ,_, as the number of Dyck paths in a k x (n — R) rectangle.
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Rational Catalan Numbers

Forany 0 < kR < n with ged(k, n) = 1, we define the rational Catalan
number Cy ,_, as the number of Dyck paths in a k x (n — R) rectangle.
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Closed Formula for Cj, ,,_.

Forany 0 < kR < n with ged(kR,n) =1,
1/(n
Chn—r = = (i?)

When n = 2k + 1, we recover the classical Catalan numbers.



(k,n)-Deograms

(k,n)-Deodhar Diagrams
A (k,n)-Deodhar Diagram (Deogram) is a filling of boxes of a
k x (n — R) rectangle with crossings, ~ and elbows, \k with
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(k,n)-Deograms

(k,n)-Deodhar Diagrams
A (k,n)-Deodhar Diagram (Deogram) is a filling of boxes of a
k x (n — R) rectangle with crossings, ~ and elbows, \k with

1. Strand permutation equal to identity,
2. Exactly n — 1 elbows,

3. (Distinguished) No elbows after an odd number of crossings
(from top-left).
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(k,n)-Deograms

(k,n)-Deodhar Diagrams
A (k,n)-Deodhar Diagram (Deogram) is a filling of boxes of a
k x (n — R) rectangle with crossings, ~ and elbows, \k with

1. Strand permutation equal to identity,
2. Exactly n — 1 elbows,

3. (Distinguished) No elbows after an odd number of crossings
(from top-left).
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Example Non-example

Let Deoy , denote the set of (R, n)-Deograms.



Combinatorial Overview

Theorem (Galashin-Lam, '21)

For 0 < k < n with ged(k, n) = 1, Deog , and Dyck,, , are
equinumerous.
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Combinatorial Overview

Theorem (Galashin-Lam, '21)

For 0 < k < n with ged(k, n) = 1, Deog , and Dyck,, , are
equinumerous.
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No general bijective proof!
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Pliicker Coordinates

Let 0 < k < n. Define the Grassmannian
Gr(k,n) ={V C C"| dim(V) = R}

= {full rank k x n matrices}/{row operations}

To each matrix in Gr(k, n) we can associate Pliicker coordinates -
determinants of maximal k x k matrices (denoted as A)).

]
1
X = rowspan ( 2) : 1) € Gr(k,n) — Axn(X) =3



Pliicker Coordinates

Let 0 < k < n. Define the Grassmannian
Gr(kR,n) ={V C C"| dim(V) = k}
= {full rank k x n matrices}/{row operations}

To each matrix in Gr(k, n) we can associate Pliicker coordinates -
determinants of maximal k x k matrices (denoted as A)).

11 1 S =1
X = rowspan (O ] 4) € Gr(Rk,n) — Ay(X) =3
A(X) =4

Row operations change the Plucker coordinates by a common
rescaling. This gives rise to the Plucker embedding Gr(k, n) < p(i)-1.



Positroids: Two Definitions

A matroid M on [n] :={1,2,...,n} of rank k is @ non-empty
collection of k-element subsets of [n], called bases satisfying:

For any permutation w € S, there is a unique minimal element of
w - M in the partial order < on (1}).

Let A be a k x n matrix of rank kR with entries in field F.
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Positroids: Two Definitions

A matroid M on [n] :={1,2,...,n} of rank k is @ non-empty
collection of k-element subsets of [n], called bases satisfying:

For any permutation w € S, there is a unique minimal element of
w - M in the partial order < on (1}).

Let A be a k x n matrix of rank kR with entries in field F.

Definition 1 (Representability)

The subsets I € (') which the columns {a;|i € I} form a basis for
F* are the bases of a representable matroid M(A).

M(A) is called a positroid if Aj(A) > 0 forallle ([21).
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Positroid Example

Revisiting our last example.

{aj|i € I} form a basis for F¥ <= A, # 0.

So, we get the positroid M(A) = {12,23,13}.
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Positroids: Two Definitions

Let A be a k x n matrix of rank kR with entries in field F.

Definition 2: (Affine Permutation)
First extend A to a k x Z matrix by repeating A.

Let fa : Z — Z be defined by
fa(i) = min{j| a; € span{aj;4,...,q;}}.

Let
la = {fa(b)| b < a and fa(b) > a} mod n.

The tuple Z(A) = (h, Iz, ..., In) Is the Grassmann necklace of A.
The set M(A) = {I € () | I, < I for all k € [n]} is the positroid of A.



Positroid Example

Now a larger example.
A123 A) =1 A145(A) = 1

1 0 O O 1 A124 A =5 1 A234(A) = O
A=l0 101 0 A
0 0 1 1 1

= -1 A245(A) =1

(A)
(A)
(A) =1 Ayps(A)=1
(A)
Aps(A) =0  Azs(A) = -1

We get the affine permutation fy = [5,4,6,7, 8]

1



Positroid Example

Now a larger example.
A123 A = 1 A145(A) = 1

(A)
100 0 1 Ao(A) =1  Agy(A) =0
A=10 1 0 1 0 Ans(A) =1 Doss(A) = 1
O 0 1 1 1 (A) Aois(A) = 1
(A) Azis5(A) = —1
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Positroid Example

Now a larger example.

Apz(A) =1 Aus(A) =1
100 0 1 Apg(A) =1 Apa(A) =0
A=10 1T 0 1 0 Ans(A) =1 Doss(A) = 1
O 0 1 1 1 (A) Aois(A) = 1

(A) Azys(A) = -1

The Grassmann necklace of A is Z(A) = (123, 235, 345, 451, 512).
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Positroid Example

Now a larger example.

Apz(A) =1 Aus(A) =1
100 0 1 Apg(A) =1 Apa(A) =0
A=10 1T 0 1 0 Ans(A) =1 Doss(A) = 1
O 0 1 1 1 (A) Aois(A) = 1

(A) Azys(A) = -1

The Grassmann necklace of A is Z(A) = (123, 235, 345, 451, 512).

We get the positroid M(A) = (E)\{234}. "



Bounded Affine Permutations

What permutations arise via this process?



Bounded Affine Permutations

What permutations arise via this process?

A bijection f : Z — Z is a (R, n)-bounded affine permutation if:
1. f(i+n)=f(i)+nforalliez,
2.i<f(h<i+nforallie?z,

3 S0 () — 1) = kn.

123456

We let B, , denote the set of (k, n)-bounded affine permutations.



For any f € By ,, we define the open positroid variety

Mp = {X € Gr(k,n) | fx = f}.



Positroid

For any f € By ,, we define the open positroid variety
M2 = {X € Gr(k,n) | fy = f}.

Theorem (Knutson-Lam-Speyer, 2013)
There exists a stratification of the Grassmannian

Gr(k,n)= | | N7

feBh,n



Decomposing positroid varieties

To better understand positroid varieties, we decompose them into
simpler pieces.

Theorem (Deodhar, 1985)

n]? o~ |_| ((C*)#elbows(D) % C(#xing(D)—e(f))/Z

DeDeoy



Decomposing positroid varieties

To better understand positroid varieties, we decompose them into
simpler pieces.

Theorem (Deodhar, 1985)

|_|j? ~ |_| (C*)#e[bows(D) % C(#xing(D)fl(f))/Z
DeDeoy

Corollary

Let g be a prime power. Then,

MR(Fg) = | | ()elbons(o)  pi#eins()=e/2,
DeDeoy

So,

#I'I}?(]Fq) — Z (q— 1)#elbOWS(D)q((#xing(D)—f(f))/Z) = Rr(q).
Dé&Deoy
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What if | wanted to study pieces of the form

N N {A, # 0}?

How could | compute their point counts?



Motivating Question

Motivation (Affine Patches of Positroid Varieties)

What if | wanted to study pieces of the form

N N {A, # 0}?

How could | compute their point counts?

Why?
It is a Theorem of Snider (2010) that there exists a birational

isomorphism
M2 N{A #0} =R,

where 7??’ is an (open) affine Richardson variety in the affine flag
variety.
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An (f, P)-affine Deogram is a periodic filling of the space between a
path P with k up-steps and n — k right steps and its vertical
translate such that:
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Main Tool: Affine Deograms

Definition (M., 26+)

An (f, P)-affine Deogram is a periodic filling of the space between a
path P with k up-steps and n — k right steps and its vertical
translate such that:

1. Strand permutation equal to f € By,

2. (Distinguished) No elbows after an odd number of crossings.

o 101’
8 \ 16
'L |:j

1 1

Ty
=

We let AffDeos p denote the set of f-affine Deograms under P. 10



Bijection with (k, n)-Deograms

These are similar to Affine Pipe Dreams introduced by Snider in 2010.



Bijection with (k, n)-Deograms

These are similar to Affine Pipe Dreams introduced by Snider in 2010.

We have a bijection Deoy , — AffDeoy, . p, .

1
o
o

fa

1
o
’r
’Jf fam |
fan nez




Affine Deograms, Geometrically

We get a formula for the point count! Specifically,

#(M 0 {Be, 2 0P(E) = > (q— peomglpinat-e/2)
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Affine Deograms, Geometrically

We get a formula for the point count! Specifically,

#(M 0 {Be, 2 0P(E) = > (q— peomglpinat-e/2)
A€AffDeor p

Geometric isomorphisms of
(affine patches of) open positroid varieties

C )

Combinatorial bijections of (affine) Deograms



Moves on Affine Deograms

We have 4 moves on f-affine Deograms:
1. Box Addition/Removal
2. Zipper
3. Decoupling

4. Twist
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We have 4 moves on f-affine Deograms:
1. Box Addition/Removal
2. Zipper
3. Decoupling

4. Twist
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Box Addition/Removal + Zipper

Suppose s;f > f. We have isomorphisms

ne ~ {'_'?,fsn fsi<fi
f = o o *
(Megs, x CYU (Mg, x C*), fsi>f.
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Box Addition/Removal + Zipper

Suppose s;f > f. We have isomorphisms

ne ~ {n;fs,’ fsi<fi
f = o o *
(Megs, x CYU (Mg, x C*), fsi>f.

Suppose s;f > f. We have bijections

AffD P Si<7J;
AffDeoy p = SOsifsisiP fsi<1
' AffDeoys, s.p LI AffDeos s, sp,  fSi > f.

If s;P # P, this is Box Addition/Removal.

If s;P = P, this is Zipper.

20



Box Addition/Removal

Motto: We change our path at index i and move the box up/down
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Moves on Affine Deograms

We have 4 moves on f-affine Deograms:
1. Box Addition/Removal
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3. Decoupling

4. Twist
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SiSi41Si < Si415iSiv | SiSiSi £ Si+15iSi41
b ¢ b ¢
. TaTP) RS iat
a 3 < a 3 a 3 & a 3
15§ TR T
1 2 1 2
b ¢ b ¢
b ¢ -m b ¢ L&
a 3 < a 3 a N3 a~ 3
15 R »
1 2 1 2
b ¢ b ¢ b ¢
b ¢ b c &\ Eﬁ_
a -p\ 3 < as 3 a \é- 3 £ asN 3 Or a~ 3
1 2 B 1 2 1 2
1 2 12
b ¢
b .. .
. \i\ or (T .ﬁi . No bijection...
1 2
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SiSi41Si & S5i41SiSiq1 | SiSipSi & Si+15iSi41
b ¢ b ¢
H A | Y rat
a 3 < a 3 a 3 a 3
15 TR g
12 1 2
b ¢ b ¢
b ¢ -m b ¢ L&
a 3 < a 3 a N3 a~ 3
S R P
12 1 2
b ¢ b ¢ b ¢
b ¢ b ¢ Ej_
a _p\ 3 < a N 3 a \é— 3 < oa N 3 Or as 3
12 B 12 12
12 1 2
b ¢ .. . . .
b oc c _ﬁi Bijection if we require the
a A<\ or Vs & g 3 . .
i distinguished condition!
1 2 2

23



Motto: We cross wires below and locally apply Yang-Baxter moves
until the crossing moves to the top of the path.
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Motto: We cross wires below and locally apply Yang-Baxter moves
until the crossing moves to the top of the path.
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Motto: We cross wires below and locally apply Yang-Baxter moves
until the crossing moves to the top of the path.
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Motto: We cross wires below and locally apply Yang-Baxter moves
until the crossing moves to the top of the path.
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Moves on Affine Deograms

We have 4 moves on f-affine Deograms:
1. Box Addition/Removal
2. Zipper
3. Decoupling

4. Twist

25



Letf = fif>...fr be a cycle decomposition of f € By ,. Then,

.
# AffDeof's* = | | # AffDeof"s:.
i=1

26



Decoupling

Let f = faf>...f; be a cycle decomposition of f € By . Then,

.
# AffDeof"s = | | # AffDeof’3: .

=1

Corollary

Letf = fif ... fr be a cycle decomposition of f € By ,. Then,

r

xX(M/T) = T (/7).

i=1

Geometric proof..?



Let f = fif>...fr be a cycle decomposition of f € B ,. Then,

,
# AffDeof"s = | | # AffDeofs .
i=1

Combinatorial proof: We color the wires according to which cycle
they are in. We then restrict ourselves to boxes with the same color.
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iPi
i=1

Combinatorial proof: We color the wires according to which cycle

they are in. We then restrict ourselves to boxes with the same color.
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Let f = fif,...f be a cycle decomposition of f € By ,. Then,

.
# AffDeof"s = | | # AffDeof"3 .

=1

Combinatorial proof: We color the wires according to which cycle
they are in. We then restrict ourselves to boxes with the same color.

26



Moves on Affine Deograms

We have 4 moves on f-affine Deograms:
1. Box Addition/Removal
2. Zipper
3. Decoupling

4. Twist
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Main Tool: Affine Deograms

Definition (M., 26+)

An (f, P)-affine Deogram is a periodic filling of the space between a
path P with k up-steps and n — k right steps and its vertical
translate such that:

1. Strand permutation equal to f € By,

2. (Distinguished) No elbows after an odd number of crossings.

o 101’
8 \ 16
'L |:j

1 1

Ty
=

We let AffDeos p denote the set of f-affine Deograms under P. 2



Main Tool: Affine Deograms

Definition (M., 26+)

An (f, P)-affine Deogram is a periodic filling of the space between a
path P with k up-steps and n — k right steps and its vertical
translate such that:

1. Strand permutation equal to f € By, p,

2. (Anti-Distinguished) No elbows after an odd number of
Crossings,

13 14

9 10 ’Hﬂ

S-ﬁ \‘D

12‘\3 14

N
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Distinguished vs. Anti-Distinguished

No elbows after an odd number of crossings

Distinguished (from the top) Anti-Distinguished (from the bottom)

6

30



Twist Bijection

Letf=sj ...s; be areduced word for f. We have a bijection

¢r - AffDeos p — AntiAffDeos p .

31



Twist Bijection

Letf=sj ...s; be areduced word for f. We have a bijection

¢r - AffDeos p — AntiAffDeos p .

letv=s; ...s; beareduced word forvandv <w e S,. We have a
chain of isomorphisms of twisted Richardson varieties.

) (Sr,Sr’,_1)

— Ry.w (v

(s v
Ryw — Ruw — o= Ryw .

This allows us to turn leftmost subexpressions to rightmost
subexpressions.

31
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Geometry Informing Combinatorics

There exist some geometric isomorphisms which imply two sets
being equinumerous. We do not have bijections yet for these cases.

1. Cyclic Symmetry

2. Weak Separation

33



Cyclic Symmetry

Cyclic Symmetry

Let of denote the cyclic shift of i. That is, (of)(i) = f(i+1) — 1. Then,

|—|O ~ Z—f

This implies the equality
# AfFDeoﬂpw) =# AfFDeoﬂp/zm

where [, 1, are the first and second Grassmann necklace elements of
f. However we do not have a combinatorial proof of this fact.



Cyclic Symmetry

2 3 4 5 35




Weak Separation

Positroid varieties may be parametrized by plabic graphs. More
explicitly, the coordinate ring C[[1?] is a cluster algebra whose cluster

variables are face labels of a reduced plabic graph*,

Weak Separation [Oh-Postnikov-Speyer, 2011]

| appears as a face label of a plabic graph if and only if | is weakly
separated to Z(f), the Grassmann necklace of f.



Weak Separation

Positroid varieties may be parametrized by plabic graphs. More
explicitly, the coordinate ring C[[1?] is a cluster algebra whose cluster
variables are face labels of a reduced plabic graph*,

Weak Separation [Oh-Postnikov-Speyer, 2011]

| appears as a face label of a plabic graph if and only if | is weakly
separated to Z(f), the Grassmann necklace of f.

This implies that the equality, when £(fs;) = ¢(sif)
# AffDeos s | = # AffDeog, |,

where
= {sf/, I # lia(F),
tr—1ay sy liv, 1= liga(f)-
However we do not have a combinatorial proof of this fact for the
final case.



Weak Separation

1 2 3 4 5
: _\\-tg
- ] 7
1 2 3 4 5
1 2 3 4 5
8
7
6
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Bijecting Maximal Deograms with Rational Dyck Paths

Problem 1

Forany f € B, and i € [n], find a bijection

AffDeos p, "~ AffDeoy p, e

Problem 2

Forany fs;,sif € Bg,, with £(fs;) = £(sif), find a bijection

AffDeofsn,iH(fSi) - AffDeOSrf;tf—W(,)j—ﬂ(;ﬁ)’t% (fsr) :

These are harder than the aforementioned bijections, as our shapes
undergo a ribbon change, not just a box change.



Bijecting Maximal Deograms with Rational Dyck Paths

Problem 1

Forany f € B, and i € [n], find a bijection

AffDeos p, "~ AffDeoy p, e

Problem 2
Forany fs;,sif € Bg,, with £(fs;) = £(sif), find a bijection
Aﬂ:Deofsn’iH(fsi) - AffDeOSrf;tf—W(r),f_W(IM)’AM (fsi) -

These are harder than the aforementioned bijections, as our shapes
undergo a ribbon change, not just a box change.

Solving either Problem 1 or Problem 2 will provide a combinatorial
bijection Deog , — Dycky, ;.



Thank you!
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